A CRITERION FOR INTEGRABILITY OF MATRIX COEFFICIENTS
WITH RESPECT TO A SYMMETRIC SPACE

MAXIM GUREVICH AND OMER OFFEN

ABSTRACT. Let G be a reductive group and 6 an involution on G, both defined over a
p-adic field. We provide a criterion for G%-integrability of matrix coefficients of represen-
tations of GG in terms of their exponents along #-stable parabolic subgroups. The group
case reduces to Casselman’s square-integrability criterion. As a consequence we assert
that certain families of symmetric spaces are strongly tempered in the sense of Sakellar-
idis and Venkatesh. For some other families our result implies that matrix coefficients of
all irreducible, discrete series representations are G’-integrable.
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1. INTRODUCTION

Let F' be a p-adic field. Let G be the group of F-points of a reductive F-group, 6 an
involution on G and H = GY the subgroup of #-fixed points. In this work we provide
a criterion for H-integrability of matrix coefficients of admissible representations of G
in terms of their exponents along #-stable parabolic subgroups of G. In the group case
(G = H x H, 0(z,y) = (y,x)) our result reduces to Casselman’s square-integrability
criterion |Cas95, Theorem 4.4.6].

For a smooth representation 7 of G, let Hompg (7, C) be the space of H-invariant linear
forms on 7. As apparent, for example, from the general treatment of [Ber88]|, this space
plays an essential role in the harmonic analysis of the space G/H. See also [BD0S§] for
the study of H-invariant linear forms on induced representations in the context of a p-adic
symmetric space and [SVI2] in the more general setting of a spherical variety.
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Furthermore, the understanding of H-invariant linear forms in the local setting has appli-
cations to the study of period integrals of automorphic forms. A conjecture of Ichino-Tkeda
[[T10] treats a different setting in which the pair (G, H) is of the Gross-Prasad type. It
claims, roughly speaking, that under appropriate assumptions, the Hermitian form on an
irreducible, tempered, automorphic representation of GG associated to the absolute value
squared of the H-period integral factorizes as a product of local H-integrals of the associ-
ated matrix coefficients. The conjectural framework of [SV12] suggests a generalization of
this phenomenon, which will include the symmetric case. (For an explicit factorization of
a somewhat different nature see e.g. [JacO1l, FLO12].)

Integrability of matrix coefficients provides an explicit construction of the local com-
ponents of period integrals of automorphic forms. Factorizable period integrals, in turn,
are intimately related with special values of L-functions and with Langlands functoriality
conjectures.

The above global conjectures suggest to study the following purely local questions. Let
Ag be the maximal split torus in the centre of G and A/, the connected component of its
intersection with H. Let 7 be a smooth representation of G and ¢ a smooth linear form in
its contragredient 7.

e Is the linear form
U (v) := / o(m(h)v) dh
H/AF,

well defined on 7 by an absolutely convergent integral? (When this is the case
U p € Homp(m,C).)
e [s it non-zero?

The answer we provide for the first question is a relative analogue of Casselman’s criterion.
We recall that, essentially, that criterion says that an admissible representation 7w of G is
square-integrable if and only if all its exponents are positive. The two main ingredients in
its proof are:

(1) The Cartan decomposition of GG, which allows to test convergence of a G-integral
by convergence of a series summed over a positive cone in the lattice associated
with a maximal split torus in G.

(2) Casselman’s pairing, which is a tool to study the asymptotics of matrix coefficients
in a positive enough cone in terms of its Jacquet modules along parabolic subgroups
and eventually, in terms of the exponents of the representation.

Similarly, testing H-integrability, can be put in terms of convergence of a series summed
over a positive cone in a maximal split torus in H. In order to apply the asymptotics of
matrix coefficients of representations of G one has to relate positivity of the cone in H
to positivity of relevant cones in G. We achieve this by further studying a root system,
introduced by Helminck-Wang, associated to a symmetric space G/H [HW93|, Proposition
5.7]. Tt is a root system containing that of H that we refer to as the descendent root system.
A key ingredient in our proof is the relation, obtained in Corollary [3.5 between the two
notions of positivity.
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In what follows we explicate our main result. Let P, be a minimal #-stable parabolic
subgroup of G and F, a minimal parabolic subgroup of G contained in P;. There exists a
maximal split torus Ay of G in P, that is #-stable. Let af = X*(Ay) ®z R where X*(Ay)
is the lattice of F-characters of A;. Then 6 acts as an involution on af and gives rise to a
decomposition

ay = (a5)s © (a5)y
where (a})7 is the +1-eigenspace of 6.
Let P be a parabolic subgroup of G containing Py (a standard parabolic subgroup) with

a standard Levi decomposition P = M x U and let Ay, be the maximal split torus in the
centre of M. Then ay admits a decomposition

a5 = ay & (')’

where a}; = X*(Ay)®zR (see section[2 for details). Assume that P (and therefore also M)
is f-stable. Then #-acts on a}, as an involution and decomposes it into the +1-eigenspaces

ay = (a3)g © (@ir)g -
Let
A ()\M)g_ : Clz; — (CLM);—
be the projection to the first component with respect to the decomposition
ay = (ahr)g @ (@h)g @ (a5')".
Let A}, be the connected component of Aj,. Then (a},)s ~ X*(A};)®zR and in particular
(a3)F = X*(AF) @3 R.

Let X% be the root system of G with respect to Ay and let A be the set of simple roots
determined by Py. Let A%/H (M) be the set of non-zero restrictions to A}, of the elements
of A. We say that A € ajj is M-relatively positive if (A\57); is a linear combination of the
elements of AS/H (M) with positive coefficients.

There are two other root systems relevant to our main result. The root system % of H
with respect to A and the descendent root system Y%/ which is the set of roots of Ag
in Lie(G). Let WH and WEH be the associated Weyl groups. By definition, ¥ C 3¢
and this induces the imbedding W# C W&/ In Corollary we define a particular
set of representatives [W &/ /WH] for the coset space WE&/H /W H,

Let p§ € a; be the usual half sum of positive roots in £¢ (summed with multiplicities).
Note that similarly, pf € (ag); and that W # acts on (af);. Our main result takes the
following form.

Theorem 1.1. Let 7 be an admissible representation of G. Then every matriz coefficient of
7 1is H-integrable if and only if for every 6-stable, standard parabolic subgroup P = M x U of
G, any exponent x of ™ along P and any w € [WE/H JWH] we have that p§ —2wpl +Re(x)
15 M -relatively positive.

For the definition of exponents of admissible representations see Section [4.1. For the
definition of Re(x) € a}, for a character x of Ay see ([I)).
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Following Sakellaridis-Venkatesh [SV12], we say that G/ H is strongly tempered (resp. strongly
discrete) if matrix coefficients of irreducible, tempered (resp. discrete series) representations
of G are all H-integrable.

Pairs of the Gross-Prasad type are strongly tempered by [II10] in the special orthogonal
case and [HarI4] in the unitary case. As a consequence of the general criterion obtained in
this work, we provide in section |5 examples of symmetric spaces that are strongly tempered
or at least strongly discrete. We recapitulate the results here.

Corollary 1.2 (of Theorem [{.4). Let E/F be a quadratic extension and J € GL,(F) a
symmetric matrix.
In the following cases G/H is strongly tempered:

G H
GL,(F) 0, (F)
Use/r(F) 0,(F)
Spa,, (F) Uyp/r(F)
GLo(F) | GLi(F) x GLy(F)

Here O is the orthogonal group associated to J and U;g/p the unitary group associated
toJ and E/F.
In the following cases G/H 1is strongly discrete:

G H
G'(E) G'(F)
GLay,(F) GL.(E)

GLon(F) | GLn(F) x GLo(F)
GL2n+1(F) GLn(F) X GLn+1 (F)

Here G’ is any reductive group defined over F.

For real symmetric spaces it is shown in [BKI2] that weak positivity of p§ — 2pf is
equivalent to L?(G/H) being tempered. It will be interesting to study the relation between
temperedness of L?(G/H) and the above properties, strongly tempered/discrete, in the p-
adic case.

When G is split over F, Sakellaridis and Venkatesh show in [SV12] that if G/H is
strongly tempered then all H-invariant linear forms of an irreducible, square-integrable
representation 7 of G emerge as H-integrals of matrix coefficients, i.e.,

Hompy(m,C) = {ls 4 : 0 € T}.

We apply this result in section [0] to some examples of symmetric spaces that are strongly
tempered by our criterion. This expands on some similar recently obtained results. Pairs
of Gross-Prasad type are strongly tempered and of multiplicity one. For those cases, the
non-vanishing of H-integrals of matrix coefficients was obtained in [Wall2, Proposition
5.6] and [BP12, Theorem 14.3.1]. For irreducible cuspidal representations it is shown in
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[Zhal5| for all symmetric spaces that all H-invariant linear forms emerge as H-integrals of
matrix coefficients. This is a generalization of [Jac01l, §5].

The paper is organized as follows. After setting our notation in section [2] we recall in
section 3| some basic facts about symmetric spaces. In particular we recall the definition of
the descendent root system associated to a symmetric space G/H by Helminck and Wang
and prove some relations with the root systems of G and of H that are relevant to the
rest of this work. In section 4] we prove our main result, a criterion for H-integrability
of matrix coefficients. In section |5 we provide examples of strongly tempered/discrete
symmetric spaces based on our main result. In section [6] we apply results of Sakellaridis
and Venkatesh to provide examples where H-invariant linear forms emerge as integrals of
matrix coefficients.

Acknowledgements. We thank Yiannis Sakellaridis for sharing his insights on strongly
tempered spaces.

2. NOTATION

Let F' be a p-adic field. In general, if X is an algebraic variety defined over F' (an
F-variety) we write X = X(F) for its F-points.

Let G be an algebraic F-group and Ag the maximal F-split torus in the centre of G.
We denote by X*(G) the group of F-rational characters of G. Let af, = X*(G) ®z R and
let ag = Homg(ay;,R) be its dual vector space with the natural pairing (-,-) = (-,-),. We
have ag, = aj ..

To A ® a € af;, we associate the character g — |A(g)|” of G. This extends to a bijection
from af, to the group of positive continuous characters of G. We denote by Re(x) € af;
the pre-image of a positive character xy : G — Ryy. If x : G — C* is any continuous
homomorphism then we set

(1) Re(x) = Re(|x|)-

Let X.(G) be the set of one parameter subgroups of G (i.e., F-homomorphisms G,,, —
G). For an F-torus T, X,(T) is a free abelian group of finite rank. The natural pairing of
X, (T) with X*(T') allows us to identify ar with X, (7") ®z R.

Let d¢ be the modulus function of Gff

From now on assume that G is a connected reductive group. Let Ag be the maximal
F-split torus in the centre of G.

Let Py = My x Uy be a minimal parabolic F-subgroup of G with Levi component M,
and unipotent radical Ug. Set Ag = Apg, ag = apg, and ag = aj, . Then Ag is a maximal
F-split torus in G.

A parabolic F-subgroup P of G is called semi-standard if it contains Ay, and standard
if it contains Py. If P is semi-standard, it admits a unique Levi subgroup M containing
Ay. We will say that M is a semi-standard Levi subgroup of G. When we write that

L Our convention will be that if dg is a left-invariant Haar measure, then d¢g (9)dg is a right-invariant
Haar measure. This is opposite to Ag in the convention of Bourbaki.
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P = M x U is a semi-standard parabolic F-subgroup of G, we will mean that M is the
unique semi-standard Levi subgroup of P and U is the unipotent radical of P.

The space ay; can be identified with ay4,,, and in particular can be viewed as a subspace
of ap = ay, with a canonical decomposition

ap = ay D al.

More generally, if Q = L x V is another semi-standard F-parabolic subgroup of G con-
taining P then a is a subspace of a,; and there is a canonical decomposition

ay = ap © ak,.

Similar decompositions apply to the dual spaces. For A € aj we denote by Ay its projection
to a3, and by A\l; its projection to (af,)*.

Let T be an F-split torus in G. If 0 # v € Lie(G) and 0 # o € X*(T) are such that
Ad(t)v = a(t)v, t € T then we say that « is a root of G with respect to 7" and v is a root
vector with root a. Let R(T, G) be the set of all roots of G with respect to 7.

Let ¥ = X% = R(Ay,G). It is a subset of X*(A4y) that spans (a§)* and forms a root
system. Let $70 = $¢>0 = R(Ay, P,) be the set of positive roots and A = A® the basis
of simple roots with respect to Py. Let W& denote the Weyl group of X¢. For a standard
parabolic subgroup P = M x U of G let AM = AN XM be the set of simple roots of M
with respect to M N F,. Furthermore, let

AM = {04|AM RS AG} \ {0}

For A € X.(G) we associate a parabolic F-subgroup P(\) = Pg(A) as in [Spr09, §15.1].
It is defined as the set of points z € G so that the map a — A a)zA(a)™ : G,, = G
extends to an F-rational map G, — G. (Here we view the multiplicative group G,, as
a subvariety of the additive group G,.) It naturally comes with a Levi decomposition
P(\) = M()) x U(\) where the Levi component M(\) is the centralizer of the image of A
and the unipotent radical consists of the elements x where the above extended map sends
0 to the identity in G. The group P(—2\) is the parabolic subgroup of G opposite to P(\)
so that P(A) N P(—=\) = M(A). Every parabolic F-subgroup of G is of the form P(\) for
some A € X, (G) (see [Spr09, Lemma 15.1.2]).

Furthermore, every semi-standard parabolic F-subgroup of G is of the form P(\) where
A € X, (Ap). (In fact, semi-standard parabolic F-subgroups of G are in bijection with
facets of ag with respect to root hyperplanes associated to 3.)

For a subset I C A let A\; € X,(Ap) be such that (a, A\;) = 0 for all « € I and («, A\j) > 0
for all @« € A\ I. Then Py := P (/) is a standard parabolic F-subgroup of G. In fact, Py is
independent of a choice of A\; as above and I +— Py is an order preserving bijection between
subsets of A and standard parabolic F-subgroups of G. We denote by Py = Mj x Uj the
associated Levi decomposition and let Ay = Apng,. Then A; is the connected component
of Naerkerae € Ay and AMr = . Note that Py = Py and Pa = G.

2.1. Cones. Let T be an F-split torus. For a subset S C X*(T') let

057 ={zear:(a,z) >0, acS},
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ag’zo be its closure and
X (T)52" = X.(T) N ay™’.
Also let
C(T,S) = {Z%Oé tay € Rog, a € S}

aEeS

and let C(T,S) be its closure.

Fix a uniformizer w of F' once and for all. Then, X,.(7) can be embedded in T by
x — x(w). We denote the image of this embedding by Cr. Then T'/Cyp is compact. Let
32 be the image of X, (T)52% in Cf.

Let P =M x U be a standard parabolic F-subgroup of G. For ¢ > 0 let

C70(e)={a € Cy,, :|afa)y <e ac Ay}

M

Note that if ¢ < 1 then C3° (¢) € C4* ="
2.2. Cartan decomposition. Let
020 = a0

and fix a maximal compact subgroup K = K¢ of G ‘adapte 4 Ay’ in the terminology of
[Ren10l §V.5.1]. By our choice of K (see [Renl(, Theorem V.5.1(4)]) there exists a finite

set Fy in M, such that
G= || || KfeK.

CECOZO fekFy

Fix a Haar measure on GG and let vol(X') denote the measure of a subset X of G. Choosing
the set Fj as in [Renl0, Theorem V.3.21] the following follows from [Renl(, Theorem V.5.2]
and the proof of [Renl(), Theorem VIL.1.2J}

Lemma 2.1. There exists a basis I of neighbourhoods of the identity in G consisting of
open normal subgroups of K such that

vol(Ko feKy) = 65! (fe) vol(Ko)

for all Ky € L.

2.3. The symmetric subgroup. Let 6 be an involution on G defined over F' and
H=G’={geG:0(g) =g}

We further denote by 6 the differential of its action on G. It is an involution on Lie(G)
and

(2) Lie(H) = Lie(G)".

Let H° be the connected component of the identity in H. It is a connected reductive
F-group and H° is of finite index in H.

2We recall that our convention of modulus function is opposite to that of Renard.
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For a #-stable F-torus T in G let T* (resp. T~) be the maximal subtorus of T? (resp. {t €
T:0(t) =t"'}). Then T = T*T". In particular, an element of X*(7') is determined by
its restrictions to T+ and T~.

3. PRELIMINARIES ON THE SYMMETRIC SUBGROUP

Note that 6 induces an involution on the set X, (G) that we further denote by 6, its fixed
points are precisely the elements of X, (H).

Lemma 3.1. The collection of parabolic F-subgroups of H® is the set of groups of the form
P N H° where P is a 0-stable parabolic F'-subgroup of G.

Proof. A parabolic F-subgroup of H® is of the form Pygo(\), where A € X, (H?) C X.(G).
It follows by definition that Pge(A) = Pg(A) N H°. Note further that #(A) = X\ and
therefore §(Pg()\)) = Pg(6()\)) = Pg()), ie., Pg(A) is a f-stable parabolic F-subgroup
of G.

Conversely, suppose that P is a f-stable parabolic F-subgroup of G. By [HW93|, Lemma
2.4] there exists a maximal #-stable torus A of G contained inside P. Now, by [HW93|
Lemma 3.3] there exists A € X,(A") such that P = Pg()). Since AT C H°, the F-
subgroup P N H® = Pyo(\) of H® is parabolic.

U

Fix a minimal parabolic F-subgroup P§ of H°. Let P; be minimal amongst the f-stable
parabolic F-subgroups P of G such that P N H® = PEL. It follows from Lemma that
P, is in fact a minimal #-stable parabolic F-subgroup of G.

We may choose the minimal parabolic F-subgroup Py of G to be contained in P;. By
[HW93, Lemma 2.4] we may and do further choose Ay to be f-stable. Thus 6 acts on
X*<A0), X*(Ao), ao and Clzk].

Note that if @ € X¢ has root vector v € Lie(G) then

Ad(0(a))f(v) = 0(Ad(a)v) = a(a)d(v), a € Ay,

i.e., O(v) is a root vector for #(a) and therefore # acts on X and maps the root space of
« to that of 0(«).

If P=M x U is a semi-standard 6-stable parabolic F-subgroup of G then U and M
are f-stable by the uniqueness of the semi-standard Levi decomposition. Thus, Aps is also
f-stable.

By [HW93, Lemma 3.5] A is a maximal F-split torus of H and the standard Levi
decomposition P; = M; x U is such that M; is the centralizer of AS’ in G.

Since 6 acts as an involution on ay it decomposes it into a direct sum of the +1-
eigenspaces which we denote by (ao);. Similarly

a5 = (a5)g @ (ag), -
The inclusion X, (Af) C X.(Ap) induces the identification
X.(A7) @z R = (ag)y -
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It is straightforward that the pairing (-,-), is @ invariant and therefore (aj); is the dual
of (ap);. Thus, (-, ) restricted to (ag); % (a); is the natural pairing (-, -),, defined with
respect to Ag.

Let P = M x U be a standard, #-stable parabolic F-subgroup of G. Then # acts as
an involution on ay; and we obtain a decomposition ay = (ay)s @ (ap), to the £1-
eigenspaces. A similar decomposition holds for the dual space and (a},)7 is the dual of

(ar)y. We have (ap); = a a3, and similarly for the dual space. We denote by A\; the

projection of A € a3, to (a},)7.

By [HW93|, Lemma 3.3] every 6-stable, semi-standard parabolic F-subgroup of G is of
the form Pg(\) for some A € X,(Ag). In particular, there exists A\; € X,(Ag) such that
P, =Pg(\).

Let X = R(AJ, H) be the root system of H, ¥#>0 = R(AL, PH) the subset of positive
roots and A the basis of simple roots with respect to P and W# the Weyl group of X#.

3.1. The descendent root system. Let X¢/# = R(Al,G) be the set of roots of Ag
in Lie(G). Clearly ©# C X&/H_ Tt follows from [HW93, Proposition 5.7] that, unless
empty, X is a root system with Weyl group W H# = Ng(AF)/Ca(Af). (Recall that
Co(Af) = My.) In particular, WH# C WEH_ Furthermore, if ¢/ is empty then H/Af
is compact. This case will be of little interest to us and we assume in what follows that
H/A, is isotropic. We call S¢/H the descendent root system.

Since the root space decomposition of Lie(G) with respect to Ay automatically provides
a decomposition of Lie(G) into Af-eigenspaces we have

(3) »nO/H — {alar a € YOI\ {0}.
Lemma 3.2. Let o € X% be such that alpr € SH  Then a € X920 if and only if

Proof. Recall that \; € X,(Ag) is such that P, = Pg(\;) and P¥ = Pyo()\;). Thus,

oz|A6+ € B>V if and only if <a|AO+, /\1> > 0. Our embedding of X*(A{) in (af),; identifies
H

af o+ with s(a+ 0(w)). Since O(A;) = A; it follows that

(@M = (5lat @) ) =(alash),

Since U; C Uy it follows immediately that if «| af € YH>0 then o € %0 Conversely,
if @ € 2920 then (a, A1) > 0. If (@, M) = 0 then o € R(Mj, 4g). But since A{ is
contained in the centre of M; this contradicts the fact that «| aj 1s non-trivial. It follows
that (a, A1) > 0 and therefore that a,+ € X710,

G

0

Note that
(4) 9($)|A3 = |4+ and 9(:zc)|Aa = _$|AE for all = € X*(Ay).
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It follows that
(5) z+0(x) =0 ifandonlyif z|,+=0.
Let
A%l =—1]={a € A%:0(a) = —a} {a €AY af .+ =0},
Let X, be the subgroup of X*(Ag) generated by A®[0 = —1]. Also set
A9 #£ —1] = A9\ A%9 = —1].

Lemma 3.3. For every a € A®[0 # —1] there exist 3 € A0 # —1] and x € X, such
that (o) =+ x.

Proof. 1t follows from the definitions that Xy is 6-stable. Thus, the action of § on X*(Ay)
induces an action (that we still denote by 6) as an involution on I' := X*(A)/X.

Let o € AY[0 # —1]. If §(a) = a then 3 = o, = 0 and we are done. Assume
that 6(a) # a. Let v € Lie(G) be a root vector for . Then 6(v) is a root vector for
0(a) and by our assumption v and 6(v) are linearly independent. It follows from (4)) that
v+ 0(v) € Lie(G)? = Lie(H) is a root vector for the root a|A0+ € ¥, By Lemma
al,+ € 2770 and 0(a) € B0

Let o — T be the projection of X*(Ap) to I and let A%[0 # —1] = {ay,...,a;}. Clearly,
{ay,...,a;} are Z-linearly independent in I'. Since 0(c;) € X%>0 for all i, it follows that
there exists M = (n; ;) € M;(Z), a matrix of non-negative integers, such that

t
Q(OZZ) = Z Tli’jdj.
j=1

Since @ is an involution we get that M? = I, is the identity matrix. It is now straightforward
that M is a permutation matrix. The lemma follows. O

Let
AT = {al s a € A%0 # 1]} = {als o€ A%\ {0} € X*(A)).

Proposition 3.4. The set A/ is a basis of simple roots for the descendent root system
NE/H,

Proof. Let f = af,:+ € NE/H with o € ¢ (see (3])). Then either o or —a is a linear

combination with positive integer coefficients of elements of A. Restricting to Aj we get
that, respectively, § or —( is a linear combination with positive integer coefficients of
elements of AY/# . To prove the proposition we therefore only need to show that A%/#
is linearly independent. Set A®/# = {p,, ... 3} and fix a1,...,p € A9 # —1] so
that §; = ailus, i = 1,...,t. Let of € AY[0 # —1] be given by Lemma so that
0(a;) — ol € Xo. After rearrangement we may assume that there exist k, 0 < k < ¢ such
that of = «; if and only if ¢ < k. Note that {a; : i =1,...,t}U{c] : k <i <t} is a subset
of exactly 2t — k elements in A®[) # —1].
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Suppose that 161 + -+ 28, =0, x1,...,2; € Rand let v =200 + - - + 2104. Then
vl 4 =0 and by () v+ 6(y) = 0. Therefore

22%%4- Z (i + ) € X,.

i=k+1
From the linear independence of A% it follows that z; = 0 for all i. The proposition
follows. O

Note that our identifications give an action of the Weyl group W/# on the vector space

(ag); and on its dual (af), .
Corollary 3.5. We have

(1) AT C C(Ag, A,

(2) [(a0)5 147" =0 C [(a0)§14"=° and hence X, (A$)A"20 C X (A])A"=0;

(3) The set

[WG/H/WH] = {w c WG/H . w—l[(a0>;]AG/H,>0 g [(GO)X]AH?O}
forms a complete set of representatives for WEH JWH and
_ /
Xo(A)2"20 = Upepwearm pwmw™ X (A7) 372

(4) For every w € [WE/H JWH] w(SH>9) C C(AF, AG/H).
Proof. Since X C X9/ it follows from and Lemma that every element of %#>0
is a restriction to A of an element of X¢>%. In particular, if 8 = ¢ at € A" with

a € N9>0 C C(Ay, A%) then writing o as a positive linear combination of elements of A
and restricting to Al shows that 8 € C(A7, A%/H). This shows part ().

Part (| . ) is straightforward from part .

Recall that X# C X¢/H are root systems in (aj);. For A € (af)) let

Hy={z € (ap)y : (\,x) =0}.
We have the Weyl chamber decomposition in the dual space
(a0)§ \ (UaennHa) = | | wl(ag)f]*">°
weWH

with respect to the root system Y. The union is of connected components. By Proposition
we similarly have a decomposition

(a0)g \ (UpesoraHa) = |_| w[(ao);]AG/H,w

weWG/H

with respect to the root system 2/

Since Upesn Hy C Ugpesiarn Hy, any connected component of (ag)y \ (Upext Hea) is con-
tained in a connected component of (ag); \ (Upexe/n Hy). In particular, taking closures we
have

H G/H
[(a0)§ 12 ’ZOZUwe[WG‘/H/WH} (ag)g 120



12 MAXIM GUREVICH AND OMER OFFEN

and part follows.
Finally, for all w € [WE/H /WH] o € £H>0 and X € [(ag)F 127" 20 we have

<w(O‘)7 /\> = (a,w_l()\)) > 0.

Note, that [(ag)f]2“"=0 and C(A{, AS/H) are both closed convex cones in Euclidean
spaces, in the sense that they are closed under linear combinations with positive coefficients.

Hence, by duality of convex cones, we have

E(AS_,AG/H) — {x I (aé);' : <Oé, )\> >0, = [(Clo);_]AG/H’ZO}-
The corollary follows. 0

Lemma 3.6. (1) The dual lattices X* = X*(A§ JAL) and X, = X.(A$)/X.(AL) are
of rank ‘AG/H‘.
(2) There ezists a set {y, : a € A"} C X, (A7) such that

(a,ya) >0 and {o,yg) =0 forall o# B in AT

(3) For such a set {y, : a € ASHY et Y be the subgroup of X, generated by the
images of the y,’s and Y=° be the subset of Y given by images of elements of the
form Y cncra Nl with g € Z>.

Then Y 1is of finite index in X, and there exists a complete set of representatives
E for X,/Y so that we have the disjoint union

X (ADR2 XL (AL = | e+ YV

ecl
Proof. By definition we have
Ngeac/u ker B C Nyepc ker .

Hence, since Ag is the connected component of N,eac ker o, we also have that Af, is the
connected component of Mgeac/u ker 3.

It follows that AS/# embeds into X* and its image is a basis of the Q-vector space
X*®z Q. In particular part follows. For each element of the dual basis (of X, ®7 Q)
there is a positive integer that multiplies it into X,. Choosing representatives mod X, (Af)
we obtain a set {y, : a € A%/} as in . As its image in X, is a basis of X, ®7 Q it
follows that Y is of finite index in X,.

Let E’ be a complete set of representatives for X,/Y and let ¢, = (o, ys) > 0, o €
ACH_ For ¢ € E'let me, € 7Z be minimal such that (a,e’) + my qoco > 0 and let
e=¢+3 cncn Meolo. Then E = {e: e’ € E'} is still a complete set of representatives
for X,/Y. Note that

(a,€) = (a,€') + Mer oo >0

hence E C X,(AD)AY"2% and (a,e) = min
It follows that

X (A)ATH 200 ey (o, ) for all a € AY/H,

X (AN 20N (e4+Y) = e+ V2O
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and part follows. O
Let p : A[0 # —1] — AS/H be the surjective map defined by restriction to Ag.

Lemma 3.7. Let I C A®. Then Py is 6-stable if and only if there exists J C AS/H such
that I = A%[0 = —1]Up~'(J). In particular, P, = Pxcjg—_1).

Remark 3.8. Since p is surjective, the map J — A%[0 = —1] U p~1(J) from subsets

of AC/H to subsets of AC is injective. It follows from the lemma that standard, 0-stable
parabolic F-subgroups of G are in order preserving bijection with subsets of AG/H .

Proof. Assume that Py is f-stable. Recall that by [HW93, Lemma 3.3] we may take A\; €
X*(A$) C (ag)y so that Pr = Pg(Ar). By definition AY[@ = —1] C (a), and therefore,
(a, A\r) = 0 for all @ € A®[ = —1]. As argued in the proof of Lemma for a € AY[0 #
—1] we have (o, A1), = (p(a), A1)y It follows that

I={a €A% :{(a,\f); =0} =A%0=-1up '(J),
where J = {8 € A" . (B, A1), = 0}.

Conversely, let J C AS/H and I = A% = —1]Up~!(J). It follows from Proposition
and Lemma that there exists p € X.(Ag) such that (8, pu), = 0if 8 € J and
(B, )y > 0if B € AYH\ J. Arguing as above we get that I = {a € AY : (a, ), = 0}.
Therefore P; = Pg(p). As in Lemma [3.1] it follows that P; is f-stable. O

For a standard, #-stable parabolic F-subgroup P = M x U of G let

ACTH(M) = (B¢ : B € AT} {0} = {aly : a € A} {0},
Let J C A%H and I = A®[# = —1] Up~!(J) be such that P = P;.

Lemma 3.9. Restriction to A}, defines a bijection between AS/H \ J and ACH(M).
Furthermore, A (M) is linearly independent.

Proof. Recall that
I =AM ={aec A% als, =0}
Therefore
AN = (Bl < 6 € AT T} {0},

Let A"\ J = {B;,...,3}. To conclude the lemma it is enough to show that for
Ty,..., 7 € R we have, if ;8 + -+ + 2,0, is trivial on A}, then z; =0 for all i = 1,... 1.

If B € AS/H\ J then 3 = a|A§ for some v € AC[f # —1]\I. Assume that 3°._, xi/Bi|AL =
0. Let o € AY[0 # —1]\ I be such that ai|A§ = By and let v = >_'_, a;;. Then 7|AL =0
and therefore by a standard argument that we already applied we have (v +60(7))|4,, = 0.
Therefore, v + () is a linear combination of elements of I = AM. On the other hand, let
o) € A%f # —1] be given by Lemma [3.3so that 6(c;) — o) € Xy. Since «;, 0(c;) and o
coincide on A, it follows that o is not trivial on Ay, and therefore of € A%\ I. Since
AY[0 = —1] C I, every element of Xj is a linear combination of elements of I. It follows
that '_, x;(o; + ) is in the span of I. Arguing as in the proof of Proposition , by
the linear independence of A% it follows that z; = 0 for all 4 and the lemma follows. [



14 MAXIM GUREVICH AND OMER OFFEN

We call C(A},, AG/H(M)) the cone of relatively positive elements in (a%,)S. Recall that
a5 = (ag')" @ (a3y)y @ (i) -
Definition 3.10. An element \ € af is called M -relatively positive (resp. weakly positive)
if its projection (Ayr)y to (an)y is in C(AL,, AS/H(M)) (resp. C(A},, ASTH(M))).
Corollary 3.11. With the above notation we have
ACTH (M) = {ala o€ Ay} \ {0}

Thus, any A € C(Axr, Anr) is M-relatively positive and any A € C(Apr, Apr) is M -relatively
weakly positive.

Proof. Tt follows from Lemma [3.9| that every element of A%/# (M) is of the form f| 4z, for
some 3 € AYH\ J. Let a € AY be such that al,+ = B. Then o € I and therefore
ala,, #0,ie., v:=ala,, €Ay is such that ’y\ATM = B’AL‘ Conversely, if § € Ay is such
that B]A+M # 0 then 8 = aly,, for some a € A%[@ # —1]. Thus, v := al s € AG/H g
such that g At = ol 43, and therefore | At € AS/H(M). The rest of the corollary is now
straightforward. U

4. H-INTEGRABILITY

In what follows we apply Lemma to H° with respect to the minimal parabolic
subgroup Py and the maximal F-split torus Aj. Write P = M¥ x Ul where M is the
centralizer in H° of Al and therefore MIT C M?. Let

H,>0 AP >0
0
Choose a finite subset F' of M{! in such a way that
H= || || E"fk™
fGFgH CGCOH’ZO

holds. We further insure that Fif’ is such that Lemma [2.1) holds for H° with Z as a basis
of open normal subgroups of K",
For a subset X of Cy+ let [X] be its image under the projection to Cy+/Cy+.

Let C*(AL\G) be the space of functions ¢ : G — C such that ¢(ag) = ¢(g), g € G,
a € A, and there exists an open subgroup Kj of G such that ¢ is bi-Ky-invariant.

Proposition 4.1. Let ¢ € C®(AL\G). Then the following conditions are equivalent:
(1) [y 1600)] < oc;
(2) Zse[cé{,go] 5;011,(5) |¢(hyshs)| < oo for all hy, he € H.

Proof. Since C' 4+ is cocompact in AL, condition ([I)) holds if and only if chg\ g lo(h)| dh <
co. Let D be a (finite) set of representatives for H/H®° and let Ky € Z" be such that ¢(d-)
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is bi- Ko-invariant for all d € D. Let E be a (finite) set of representatives for K°/Kj,.
Then K% feK1® = U, c,enKoeifeeaK for all f € FIT and ¢ € C’é{’zo. Hence

H=|| ] ] d&™fck™

deD ferf cECé{’ZO

and therefore

/c+\H DRZES DD IS Z/ o(dh)| dh =

deD feFH e1,e2€E E[CH 20) K061f862K0

Z Z Z Z o(dey fses)| vol(Koey fseaKyp).

deD feFH e1,ea€E SE[CH >0}
Note further that
vol(Kye; fsea Ko) = vol(ey Ko fsKopea) = vol(Ko fsKy) = (5;},(]”3) vol(Ky)
0

where the identities follow respectively by the normality of K, in K", the invariance of
the Haar measure on H and Lemma Thus,

/C \H ‘¢<h)| dh S VOI(K(])Z Z 6PH Z Z 5PH |¢ d€1862)’

deD feF({‘I e1,e2€E H >0]
Since the sums over d, f, e1, e, are finite clearly (2)) implies (). Similarly, if
X = Use[CH,ZO]KQSKQ
0

then

() Y o) lotmshall = [ ol an< [ o0 an

se[cz0] af\Xhe
and therefore (1)) implies (2). O

4.1. Exponents. Let (7, V) be an admissible, smooth (complex valued) representation of
G. For a parabolic subgroup P = M x U of G, let (rp(m),rp(V)) denote the normalized
Jacquet module of 7 with respect to P (see e.g. [BZ77]). It is an admissible representation
of M. We say that a character y of A, is an exponent of w along P, if it is an Aj,-eigenvalue
on rp(V), i.e., there exists 0 # v € rp(V) such that rp(7)(a)v = x(a)v, a € Ap. See
[Ren10, VIL.1.] for a more detailed discussion of this definition.

If 7 is of finite length then so is rp(7). In this case, the exponents are the restrictions to
Ay of the central characters of the irreducible components in a decomposition series for
rp(m).

Let Ep(m) denote the set of all exponents of 7 along P.
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4.2. The Casselman pairing. Let m be an admissible representation of G and let 7 be
its contragredient. For v € m and v € 7 the function

cos(g) = 0(m(g)v), g € G

is called a matrix coefficient of 7. Let M(m) be the space of all matrix coefficients of .
In his unpublished notes, Casselman developed a tool to study the asymptotics of matrix
coefficients of 7 in terms of matrix coefficients of Jacquet modules of 7 [Cas95, §4]. We
recall the results relevant to us.

Let P = M x U be a standard parabolic subgroup of G and let P~ be the opposite
parabolic. Casselman defined an M-invariant pairing on rp(m) X rp-(m) that identifies
rp-(m) as the contragredient of rp(m) (see e.g. [Renl0, VI.9.6.2]). Let vp denote the
projection of v € 7 to rp(m). It follows that for v € V and ¥ € T we have ¢, 5, €
M(rp(m)). Moreover (see e.g. [Renl0), VI.9.6.5]), there exists € > 0 such that

(6) cop(a) = 07%(a) cops,(a), a € C30 (e).
4.3. A relative convergence criterion. Let
pf = Re(dy,") € (af)°
€]

and p§; = (0§)m € (a§))* its projection with respect to a standard Levi subgroup M
of G. Note that if P = M x U is a standard, #-stable parabolic subgroup of G then

()5 = Re(65|1+).

Proposition 4.2. Let © be an admissible representation of G so that Al acts on 7 as a
unitary character and let w be a character of Al JAL. The following are equivalent.

(1) For every c € M(m) we have

S lels)ls)] < oo

AG/H,zo]

SG[CAg

(2) For every standard, 0-stable parabolic F-subgroup P =M x U of G and for every
X € Ep(m) we have Re(y) + Re(w) + p§ is M -relatively positive.

Proof. Let {y, : a € A%/H} be as in Lemma . In the notation of the lemma let
to = Ya(w), &€ ={e(w) : e € E} and
S={y(w):yeY="={ H te g € Zsg for all @ € A9/}

a€ANG/H

It follows from Lemma that we have the disjoint union
G/H >(
(€32 = |es.

Ay
ec&
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For a subset J C AG/H and a positive integer N let

S;(N)o = I te: N<nayp, SJ(N)lz{Ht’;a:ognagN}

QEAG/H\J aeJ
and
Sy(N) = S;(N)oSs(N); CS.
Note that S;(NV); is a finite set. Clearly, for any fixed N we have the disjoint union
S= 1] s
JCAG/H
and therefore

Yo lewe)=d >0 Y leles)wles)| =

ecE JCAG/H seS;(N)

Z Z Z |w(et)] Z lc(ets)w(s)|.

€€€ JCAG/H teS;(N)1 s€S7(N)o

se(C
45

Since c(et-) € M(7) and the first three summations on the right hand side are over a finite
set, we see that condition is equivalent to the condition:

(7)  for every ¢ € M(w) and J C A/H there exists N > 0 such that we have

D> e(s)w(s)] < o
s€S7(N)o
For J C A/ let I = A% = —1]Up~'(J) and P = M x U = P;. Let Sy be the lattice
generated by {t, : o € A"\ J}. We further formulate the condition:

8) > 5(5)1Q(s)x(s)w(s)| < 0o for all N >0, J € A%/,
s€S7(N)o
X € Ep(m) and polynomials () on Sy, with complex coefficients.

Clearly (8) holds if and only if for all J C AYH y € Ep(n) and a € AF/H \ J we have
(5113/2(ta) |xw(ta)| < 1. Note that S;(N)o is contained in Af, and that dp,|a,, = Op|a,,-
By Lemma we get that is equivalent to . It is therefore enough to show that
conditions ([7)) and are equivalent.

Assume that condition holds. Fix ¢ € M(rx) and J C A%H (so that [ = A%[f =
—1Jup™}(J) and P = M xU = P;). Let ¢ € M(rp(7)) be the matrix coefficient associated
by the Casselman pairing and € > 0 be given by @ so that

c(a) = 6% (a)é(a), a € C3° (e).
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An element of Ay is of the form a|4,, for some av € A%\ I. Hence af 1+ € AGHN J Tt

therefore follows from the definition of the sets S;(IV)o that there exists N large enough
so that S;(N)o € C3? (€). To show that condition (7)) holds it is therefore enough to show

that
Y 3%(s) Es)w(s)] < oo
s€S7(N)o
A standard argument (see e.g. p. 332-3 in the proof of Casselman’s criterion in [Renl0
Theorem VII.1.2]) shows that there exist polynomials @y, x € Ep(m) on Sy, only finitely
many of which are non-zero, so that

()= 3 Quls)x(s). s €S
X€EEP(T)
Hence follows immediately from .
Conversely, assume that does not hold. Let J C AG/H o e AG/H \J and, in the above
. 1/2 1/2
notation, x € Ep(m) be such that 5P/ (ta) [xw(ta)| = 1. Then 3 s (), 5P/ (s)|x(s)w(s)| =
oo for all N > 0. Set ¢ = ¢, ; where v € 7 is such that vp is an eigenvector of Ay, with eigen-
value x (this realizes x as an exponent of 7 along P) and v € 7 is such that (vp, 0p-) = 1.
Then, ¢ 4,, = x and the above argument applying the Casselman pairing shows that for
N large enough

Yol = Do 5 Es)w(s)] = oo

s€S7(N)o s€S7(N)o
Thus, condition fails to hold. (Indeed, S;(N7)o € Sy(N3)o for N3 < Ny and therefore,
if condition holds then it is satisfied with N arbitrarily large.) U

Definition 4.3. We say that a smooth representation © of G /A{, is H-integrable if for any

c € M(m) we have
/ lc(h)] dh < oo.
H/AY,

Let pfl = Re(éllp(/) ) and recall that the set [WE/H /WH] was defined in Corollary .

We can now formulate our main result.

Theorem 4.4. Let 7 be an admissible representation of G/AS. Then  is H-integrable if
and only if for any 0-stable, standard parabolic subgroup P = M x U of G and any x €
Ep(m), the element Re(x) + p§ — 2w(pll) is M -relatively positive for all w € [WE/H JWH],

Proof. Let N¢/H be a subset of Ng(AZ) consisting of a choice of a representative n for
every element w € [WE/H /IWWH]. Since every (left or right) translation by G of an element
of M(7) is again in M(m) it follows from Proposition (in its notation) that 7 is H-
integrable if and only if

(9) > 0pii () |e(s)] < oo for all ¢ € M(m).

sE[Cé{’ZO]
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By Corollary [3.5] we have

H>07 _17~AG/H >0
G = T Os

and therefore,

if and only if

sE[C’jOf/H'ZO]

for all n € N9/#. Note that c¢(n~" - n) € M(r) and that Re(dps(n~" - n)) = 2w(pf),

when n represents w € [WH /WH]. Tt now follows from Proposition (applied with

w =0, (n""n)| a3) that (9) is equivalent to the condition in the statement of the theorem.
0

i

Remark 4.5. Recall from Definition[3.10 that the condition that, X is M-relatively positive
for any 0-stable standard Levi subgroup M of G, depends only on Ay, . It follows that p§

may be replaced by ,0]\041 wn Theorem .
Furthermore, since A§ is contained in Ay, (indeed, M, is the centralizer in G of AJ)
we have (a§); C a};, and therefore

(@ )s = (a5)g -

4.4. The relative test characters. Theorem points on the significance of the expo-
nents

pé i = (p5)g —2w(pl) = (051,)5 — 2w(py) € (ahy,)g = (ap)g

for w € [WEH /WH]. We will now present means to compute these exponents using the
action of 6 on the various root data involved.

For a € X9/H et LY (resp. L) be the weight space of a in Lie(G) (resp. Lie(H)).
Thus L =0 if « ¢ ZH. Set

MS =dimLS, MY =dimL?.

Since A{ is f-fixed, its adjoint action on Lie(G) commutes with the f-action. Thus, each
LS is a f-invariant subspace of Lie(G).

Lemma 4.6. Let o € X6/ and set
My.q = Tr(QILg).

(1) We have mg o = 2M7 — MC.
(2) If O(B) # B for every B € XY such that Blaz = o, then mg o = 0.
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Proof. The linear involution § on LY decomposes the space into a sum of the eigenspaces
related to the eigenvalues 1 and —1. The l-eigenspace is precisely LS N Lie(G)? = L.
Thus, mpo =1+ M7 4+ (1) - (ME — M).

Suppose that « is as in the assumption of . Then there is an even number of elements
of ¢ whose restriction to A is o and we can enumerate them as {31,..., Bk, V1, .-, Ve }
with 0(8;) = v;. Thus, LY admits a decomposition LY = Vi @ V, with 6(V;) = V5 (indeed
take V to be the direct sum of root eigenspaces in Lie(G) with respect to {f1, ..., Bk} and

similarly V, with respect to {71,...,7}). Evidently, this implies that 0|.¢ is of zero trace.
O

Let R¢/H>0 .= $16/H N C(AF, AS/H) be the set of positive roots in ©¢/# . These are the
non-zero restrictions to Ag of roots in X0,

Proposition 4.7. For every w € [WH JWH] we have

w 1
Pc/a = _5 Z Mg w=1(a) &-

acXG/H,>0

Proof. Recall that ép,(a) = | det(Ad(a)|Lie(py))|F, @ € Ag. Applied to H this gives

péq:% Z M7 a.

anEH7>0
Applied to G and composed with the projection of p§ to (af); we have

1
(PS;)Z;:E > Mfa

aEEG/H’>O

Now, let w € [WEH /WH] be given. Then,

1 1 1
(10) ?,U(péf) = 5 Z Mf U)(Oé) = 5 Z Mf—l(a) o = 5 Z Mf—l(a) .

acYH,>0 aEw(EH7>0) aexG/H,>0

The last equality is obtained as follows. By Corollary we have w(XH>0) C RG/H>0,
The equality will therefore follow if we show that Mj' = 0 (i.e., that g ¢ L) for § €
w—H(XE/H>0)\ BH>0 0 Assume by contradiction that —3 € >0 As above, by Corollary
we have —w(f) € X¢/H>0 i, both +w(f) € B¢/ H>0 which is a contradiction.

Finally, there exists n € Ng(A{) (a representative of w=!) such that Ad(n)(LY) =
Lg,l(a) for all o € X¢/# . Hence, MS = Mf,l(a) and we can write

1
(11) (IOOG>;:§ > Ml e

aezG/H,>0

The statement now follows from , and Lemma . O
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5. SOME SPECIAL CASES

In this section we examine our criterion for H-integrability of matrix coefficients on
certain symmetric spaces. In [SV12], Sakellaridis and Venkatesh defined the notion of
a strongly tempered spherical variety. We recall the definition and make an analogous
definition for square-integrable representationﬂ

Definition 5.1. We say that G/H is strongly tempered (resp. strongly discrete) if every
irreducible tempered (resp. square-integrable) smooth representation m of G is H-integrable.

We provide examples of families of symmetric spaces for which the above properties
hold. In order to be able to apply Theorem to this problem, we first need to recall
Casselman’s criterion for square integrability [Cas95, Theorem 4.4.6] and a similar criterion
for temperdness (see e.g. [Wal03, Proposition 111.2.2].

Theorem 5.2. Let m be an admissible representation of G for which the centre of G
acts by a unitary character. Then 7 is square-integrable (resp. tempered) if and only if
Re(x) € C(Ap, Ayr) (resp. Re(x) € C(Anr, An)), for any standard parabolic F-subgroup
P=MxU of G and any x € Ep(7).

Remark 5.3. Set G = H x H and 0(x,y) = (y,z), z, y € H an involution on G. Then
H ~ G is embedded diagonally in G. Clearly, 0-stable parabolic subgroups of G are in
bijection with parabolic subgroups of H, X¢/H = SH and WEH = WH . Applying Theorem
to a representation of the form m @ © of G, where 7 is an admissible representation of
H, recovers Casselman’s criterion for square integrability of representations of H.

It is straightforward from the definitions that an M;j-relatively (weakly) positive element
of (a3)4 is also M-relatively (weakly) positive for every standard #-stable Levi subgroup M.
The following is therefore a straightforward consequence of Corollary and Theorems

4.4 and B.21

Corollary 5.4. If the relative test characters pg, /g are M -relatively positive (resp. weakly
positive) for all w € [WCEH /WH] then G/H is strongly tempered (resp. strongly discrete).

5.1. Galois symmetric spaces are strongly discrete. Let E/F be a quadratic field
extension. Let H be a connected, reductive F-group and G = Resg/ r(Hg) be the restric-
tion of scalars from F to F' of the group H considered as an E-group. Thus, G ~ H(E).
The Galois involution of F/F defines an involution on G that we denote by 6. We identify
H with GY and call G/H a Galois symmetric space.

Since H is defined over F, so are the Lie algebra Lie(H) and the adjoint action on it.
Hence, we have

Lie(G) ~ Lie(H)(E) = Lie(H) ®r E

and the action of h € H is given as Ad(h)(v ® e) = Ad(h)v ® e, v € Lie(H), e € E.
It follows, that any eigenvalue of Ad(Ag) on Lie(G) is also an eigenvalue on Lie(H) and
therefore ¢/ = $#  In particular, WE/H = Wi,

3In fact, the definition of Sakellaridis and Venkatesh is for G /H, it is more convenient for us to consider
a single G-orbit G/H.
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Since standard parabolic subgroups of H are in bijection with subsets of A# #-stable,
standard parabolic subgroups of G are in bijection with subsets of A%/ (see Remark
and A" = AG/H the map P — P? is a bijection between #-stable, standard parabolic F-
subgroups of G and standard parabolic F-subgroups of H with inverse Q — Resg/r(QE).
In particular, we have

P} =P}
The following follows from the proof of [LR03, Lemma 2.5.1] [}

Lemma 5.5. Let P be a 0-stable, stanadrd parabolic F-subgroup of G. Then 5113/2]139 = dpo.

It follows that (p§;, )y = 2p{’ and hence p yp = 0 where e is the identity in WE/H,
Hence, the following is immediate from Corollary [5.4]

Corollary 5.6. Every Galois symmetric space G/H is strongly discrete.

We can also state the precise criterion inferred from an application of Theorem to
the Galois case.

Theorem 5.7. Let G/H be a Galois symmetric space and let w be an admissible represen-
tation of G/AL. Then w is H-integrable if and only if for any 6-stable parabolic subgroup
P=MwxU of G and any x € Ep(m), the element Re(x) is M-relatively positive.

Assume now in addition that Ay = AJ. Then by () ¥¢ = X¢/# = $# and in particular
A% = AH. Thus, standard parabolic subgroups of G are all f-stable and in particular
Py = P;. In paricular, for any standard parabolic subgroup P = M x U of G we have
Ay = A}, and Ay = AS/H(M). The following is therefore immediate from Theorems
and 0.2

Corollary 5.8. Assume that G/H is a Galois symmetric space and Ay = AZ. Let 7 be
an admissible representation of G/Ag. Then w is H-integrable if and only if m is square-
integrable.

Remark 5.9. The condition Al = Ay is automatically satisfied if H is F-split. Indeed, in
this case A is a mazimal torus of H. Therefore, the torus Ay in G ~ H(E) cannot be of
higher rank.

Many of the examples we consider are associated to a quadratic extension of F. Fix for
the rest of this work a quadratic extension F/F with Galois involution ¢ and an element
7 € E such that o(7) = —7.

5.2. The symmetric space GL,(F)/O,;(F) is strongly tempered. Let G = GL,.
Every symmetric matrix J € GL, defines an F-involution §(g) = J'¢~'J~! on G. Denote
the associated orthogonal group by O; = G? = H.

4the lemma is formulated in the global setting but the proof is the same in the p-adic case.
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After G-conjugation if necessary, we may assume without loss of generality (see e.g. [Spr09,

§15.3.10]) that J is of the form
w,
Jo
w"'

where Jy € GL,,_s, defines an anisotropic quadratric form (r is the Witt index of J) and
w, € GL, is the permutation matrix (w,);; = 6i,r+1,j.|§| We may and do further assume
that Jy is diagonal.

We choose the torus of diagonal matrices in GG to be the #-stable maximal F-split torus
Ay. We Write ¢; € afj for the character of A, that takes a diagonal matrix to its ¢-th entry
and identify afj ~ R™ by identifying {ei, ..., ¢€,} with the standard basis of R™. Note that

Ag:{diag(ala"waralw'- 1@71 -..,CLII)Z aiGF*, izl,...,r}.

We write
i = €il a4 € (a0)g -

Let Py be the Borel subgroup of upper triangular matrices in G. For a decomposition
ni+...+np =nlet Puy ) = M0 X Uy ,..ny,) be the associated standard parabolic
subgroups of G with its standard Levi decomposition, where the Levi subgroup M, . »,)
is isomorphic to GL,,, x --- x GL,, .

Then Py = P, 12n—r1,.1) = M; X Uy is a standard, minimal #-stable parabolic F-
subgroup of G. The intersection P§ = P; N H? is a minimal parabolic F-subgroup of H°.
The root system

(12) $G/H _ {£(mitn) 1<i#j<r}u{xm, £2n,:i=1,...,r} 2r<n
{£(mitn;) 1<i#j<r}u{£2p:i=1,...,r} 2r=n

is of type BC, when 2r < n and of type C, when 2r = n. We have

{ni =i bzl u{2n,} 2r=n.

We write E; ; C Lie(G) = gl,,(F) for the one-dimensional subspace of matrices vanishing
outside the (i, j)-th entry. These are the weight spaces for the roots in X¢. For integers
a < blet [a,b] = {a,a+1,...,b} be the corresponding interval of integers. Note that
the action of 6 on gl,(F) (given by 0(X) = —J'XJ ') satisfies 0(E; ;) = Ent1—jnt1-i
whenever ¢, j € [I,7]U[n+1—r,n]and 0(E; ;) = Ej 1 for 1 <i<randr <j<n-—r.
It easily follows that for a € X¢/H \ {2n,...,2n,} and every 3 € X such that Blay = a
we have 0(f8) # . Thus, by Lemma , mg, = 0. Furthermore, 6 acts by —1 on
Lgm = F; n+1-; and therefore mgo,, = —1.

In case n = 2r (H is an F-split orthogonal group), the root system X is of type D,,
AT = {n — i Y2l U{n_1 +n,} and WH is an index 2 subgroup of W 1t is easy

(13) AGH — {{772' — i U{n}y 2 <mn

5 By the classification of quadratic forms over a p-adic field n — 2r < 4 and the number of possible
orthogonal groups in G, up to conjugation, is bounded by 2 |FX/(FX)2|. See [O’M55, §63C].
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to check that [WEH /WH] = {e €}, where € is the simple reflection associated with the
root 2, € A/ and e is the identity. It is straightforward that Mp,e—1(a) = Mo, for all
o € X911t therefore follows from Proposition E that pg, 0= PG

Otherwise, when 21 < n, % is of type B,, A" = {ni—niy1 Y=} U{n,} and WH = WE/H,
In all cases, combining thls with Proposition [4.7) the relative test characters are given by

(14) Py =Y i = Z] —ypr) 7o, w € W],

This is M;-relatively positive by the second equality. Thus, from Corollary we deduce
the following.

Corollary 5.10. The symmetric space GL,, / O is strongly tempered for every symmetric
matriz J € GL,,.

5.3. The symmetric space Uz r(F)/O;(F) is strongly tempered. We provide an-
other family of strongly tempered symmetric spaces. The computation of relative test
characters in the case at hand reduces to that of the previous subsection. We therefore
maintain all the notation defined in the previous subsection and use different letters to
denote the symmetric space we now consider.

Recall that £ = F[r]/F is a quadratic extension with Galois involution o. We consider
the following embedding of O as a the group of fixed points of an involution on the unitary
group associated with J and E/F.

Let G’ = Resg/p(GEg) (see Section and consider ¢ as the Galois involution on G'.
Note that the involution § on G = (G’)? extends to an involution on G’ by the same
formula 0(g) = Jt¢~'J1, g € G’ and that o and 6 commute. Let #' = fo = o6 and
U=U;gr= (G")? be the associated unitary group.

Note that ¢ restricts to an involution on U and U? = O; = H. We consider now the
symmetric space U/H.

From this explicit construction it is easy to see that there exists a o-stable, maximal
F-split torus AY of U such that A is the maximal F-split torus in (AY)?. Furthermore,

P}J = Resg/p(P1,. 12n-r1,.1) NU
is a minimal o-stable parabolic F-subgroup of U such that PY N H° = P§L.
We consider Lie(U) as the #'-fixed subspace of Lie(G') ~ gl,,(E) = gl,,(F) + 7 - gl,,(F).
Thus,
Lie(U) ={X+7Y X, Y egl,(F), X =-J'XJ ' Y =JYJ .
By studying the adjoint action of Af on Lie(U) we observe that LU/# = Y6/ (where
on both sides we view elements as characters on AJ) and AU/ = AG/H  Hence also

NUIH>0 — 73G/H>0 Fyrthermore, for every oo € XU/H>0\ {2p, ... 2.} there is a subspace
Vo, C gl (F) (explicated bellow) so that LY = LY+ & LY~ where

LVt ={v+0(w):veV,}and LY ={v+0'(v) : v € TV, }.
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For all such a we have dim LY = dim LY~ and clearly o acts by 1 on LY* respectively.
Therefore my o = 0 = mygo. Also Ly, = TE; n41-; is one dimensional and clearly m, o, =
—1=mygg, fori=1,...,r.

It follows that m, , = My, for all a € RV/H = $¢/H This allows us to argue verbatim
as in Corollary to deduce the following.

Corollary 5.11. Let E/F be a quadratic extension and J € GL, a symmetric matriz.
Then the symmetric space U p/p [/ Oy is strongly tempered.

For the sake of completeness, we provide here the above mentioned spaces V, that
complete the reduction of our computation to that of the previous subsection. For 1 <i <
7 < r we have

Vipn; = Biy - and - Vigy;, = Eing1-j
whereas if 2r <n fori=1,...,r we have
n—r
V= © Eij.
j=r+1

5.4. The symmetric space GL,,(F)/GL,(F) is strongly discrete. Let G = GLg,
and v = 72 € F. Define the involution 6(g) = tgt~' on G where

am((15)(0%)

Note that H = GY ~ GL,(FE). We can choose Ay to be the diagonal torus in G. It is
f-stable and

Ad = {{diag(ay, a1, as,as,...,a,,a,) : a; € F* i=1,...,n}.

We can take P; = P2, 2) to be the minimal f-stable parabolic subgroup of G' so that
P = P, N H is a minimal parabolic subgroup of H = H®.

We then have Y¢/H = ¥ H and WEH = WH, For each a € X/ there are four roots in
¢ such that f| Ay = o The involution € does not fix any of the four. Thus, by Lemma
, meo = 0 for all a € X¢/H>0 In particular, the relative test character pg = 0.
From Corollary [5.4] we have the following.

Corollary 5.12. The symmetric space GLo, (F)/GL,(FE) is strongly discrete.

5.5. The symmetric space Sp,,(F)/U;g/r(F) is strongly tempered. To describe
an explicit realization of the symmetric space that we consider next it is convenient to
maintain the notation of the previous subsection. For a symmetric matrix J € GL,,, we
can embed the corresponding unitary group U;g/p in Sp,, as follows. To J = (a;;) we
associate the anti-symmetric matrix A; € GLy, whose whose (i, j)-th 2 x 2 block is given

by
0 A5
—aij 0 '
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Let o(g9) = A;'g7 A" be the involution on G so that G” = Sp,, ~ Sp,,. Note that
the involutions o and # commute, hence 6 restricts to an involution on Sp,, and Spij o~
U, g/p. The group Uy, g/r is quasi-split over F. It is well known that if n is odd then
every unitary group is GL,(E)-conjugate to Uy, g/p. If n is even then there are two
conjugacy classes of non-isomorphic unitary groups determined by the norm class of the
discriminant. We consider the two cases as follows.

Let G} = Sp,, =~ Sp,, and Uy = (G})’ ~ Uy, g/p. If nis even let § € F* be such
that ¢ det w,,_o det w,, is not a norm from £ to F and let

Wy /21
Jo = d
Wp /21
where d = diag(1,0). Set G, = Sp,, ~ Sp,, and Uz = (G4)? ~ U, p/p the non-quasi-
split unitary group.
In order to unify notation for the two cases at hand we set J = w,, (resp. J = J5) and

G’ = G/ (resp. G’ = G}) and let U = (G’)? be the corresponding unitary group. We can
choose the minimal #-stable parabolic subgroup P} of G’ to be

P — Pomy NG J =w,
! P(2(n/271)7472(n/2—1)) NG J=J,

a

—
where (2(%)) = (2,...,2). It contains a f-stable maximal F-split torus A} of G/, such that
(A{)T is the maximal F-split torus of U such that
(Ap)t = {diag(ar, a1, ..., ap, ap, Lop_ar,a; ya s iayt alt) @ a € F*i=1,...,r},

where r = |n/2] in the quasi-split case, and r = n/2 — 1 in the non-quasi-split case. For
our computation we recall that

Lie(G') = {X € gly,,(F) : —A;'XA;' = X}.

The root system 2¢/U is of the same type as in the example of subection . Namely,
NIV s of type BC, when 2r < n and of type C, when 2r = n. We may therefore denote
the roots as in where 7; is the character of (Aj)™ that satisfies

ni(diag(ar, a1, ..., ap, ap, Ion_sr,a; tya b, . oa7tart)) =a;, i=1,...7
The simple roots A%/V are then given by . Unlike in subsection [5.2, we now have
YU = %V and therefore WV = WV in all cases.

It is now a straightforward verification that for any o € X¢/U\ {21y, ...,2n,} there are
four roots 8 in ¢ such that 3] Ay+ = a and the involution 6 fixes none of them. It follows
from Lemma that mg, = 0 for all « € X¢/V\ {2n,...,2n,}.

For k = 1,...,r the root space Lg’;;k consists of matrices X € Lie(G’) such that the
(4,7)-th 2 x 2 block of X is zero unless i = k = n+ 1 — j in which case it is of the form
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(‘C’ ,ba) for some a, b, c € F'. We denote such an element by X,;.. Then
G(Xa,b,c) = Xfa,u—lc,ub

and therefore mgo, = —1. It now follows from Proposition that the relative test
character is given by
,
Per /U = Z Up
i=1

which is M{-relatively positive (M is the Levi subgroup of Pj containing Ajf) by the second
equality in . Thus, from Corollary we deduce the following.

Corollary 5.13. For every symmetric matriz J € GL,(F) the symmetric space Spy, / U p/r
1s strongly tempered.

Remark 5.14. The split analogue of this case is the symmetric space Spy, / GL,. It can
be verified that it is strongly tempered for n = 1 and strongly discrete for n = 2. However,
the relative test characters are not all My -relatively weakly positive for n > 3.

5.6. The symmetric spaces GL,,(F)/GL,(F) x GL,(F) and GLo,1(F)/GL,(F) x
GL, . (F) are strongly discrete. Let G = GL,,,,,, and 0(g) = tgt™', g € G where
t = diag(1,,, —I,,). Then, H = G/ ~ GL,, x GL,,,.

Let P; = Py be the standard Borel subgroup of upper triangular matrices and A, the
diagonal torus in G. Then Ay = AJ and therefore ©¢ = S/ is of type A, 4n,_1.
For 1 < i # j < ny+nylet a;; € X9 be the root corresponding to the weight space
Ei,j defined as in E Then, AG/H = AG = {61, . 7ﬁn1+n2—1}- where ﬁz = Oy i+1, for
1<i<ng+ny—1. We identify W& = WE/H with the group Sy, +n, 0f permutations on
{1,...,n1+ns} so that w( ;) = u(iyw() for all w € WE. The set [WH /WH] consists of
all permutations that satisfy w(i) < w(j) forall 1 <i < j <mnjandn;+1 <i < j < nj+ns.

Lemma 5.15. If either no = ny orno =ny + 1 then pg/H 15 My -relatively weakly positive
for every w € [WEH /WH] If ny = ny = 1 then PGiu S M -relatively positive for every
w e [WEH /WH].

Proof. For every w € [WY/H JWH] we write

w _w w
pG/H - al 61 + e + an1+n2—1/877»1+77»2_1

with half-integers aj’. Then pg m 18 M;-relatively weakly positive if and only if a}’ > 0 for
all 1 <k <ny+mny— 1. It is M;-relatively positive when the inequalities ar?e strict.
Note that for 1 <i # j < n; + ny we have

1 1,7 >npore, ] <ng
My . .
i —1 otherwise

and that o, ; = B; + Biy1 + -+ B-1 for all 4 < j. Set
d(w7 k) = #{(Zaj) 01 S ? S k <.] S ny + na, m@,awfl(i),w = 1}

-1y
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By Proposition [£.7] we have

1 o . .
ay = —3 [d(w,k) —#{(i,7) : 1 <i<k<j<ng+ng, Mo, 10010y = 1}} =
1 o k(m + No — ]{3)

b [d(w, k) — (k(n1 +ne — k) —d(w, k)] = 5 —d(w, k).
Note that translating by w=! we get that
_ L 1S w(@) <k <w(i) Sm+ng,
d(w,k)—#{(z,j) “either1<i<j<mnjorn+1<i<j<ni+ng |’

Let
o max{l1 <i<mn; : w(i) <k} w(l) <k
“=o k< w(l).

Note that e, < k,
P {max{l <i<ng : wn +i) <k} wn +1)<k
0 kE<w(ng +1)
and {w(i):1<i<e,tU{wn +i):1<i<k—e,}={1,...,k}. It follows that
d(w, k) = ep(n1 — ey) + (k —ey)(ne — (K — ey)).
Thus, in order to have a}’ > 0 we need to show that

k(k — (n1 +n2))
2

Consider first the case ny = ng and let ¢(t) = t(t —ny), t € R. It is a convex real
function and therefore

(15)

< eyl(ew —n1) + (k —ey)((k — ey) — na).

20(k/2) < dlew) + o(k — €w)
(this is precisely the inequality ) and equality holds if and only if e,, = &k — e,,. This
shows that @}’ > 0 in this case. If in addition ny = 1 then £ =1 and e,, # k —€,,. Thus in
this case af > 0 and pg& 0 is Mi-relatively positive.
Assume now that no =ny + 1. If e, = k — e, then . is always an equality. Assume

now that e,, # k — e, and let ¥(t) = t> —t ( l—tw | n1>, t € R. Again, it is a real function

with non-negative second derivative and therefore

2p(k/2) < lew) + (k= ew)
which is precisely the inequality . The lemma follows.

The following is now immediate from Lemma and Corollary

Corollary 5.16. The symmetric spaces GLs, / GL,, x GL,, and GLy, 41 / GL,, X GL,, 41 are
strongly discrete. The symmetric space GLy / GLy x GL; is strongly tempered.
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6. NON-VANISHING

For an H-integrable representation 7 of G and a vector © in 7 let £; i be the linear form
on 7 defined by

Con(v) = /H o cus(h)
G

We write L}, = {l;. 5 : v € 7} C Homp(m, C) for the subspace of H-invariant linear forms
on 7w emerging as integrals of matrix coefficients.

Let X = G/H be the G-symmetric space associated with 6. In [SV12], X is called
strongly tempered if G/H, is strongly tempered (in the sense of Definition [5.1)), for every
z € X where H, is the stabilizer of z in G. The statement of [SV12, Theorem 6.4.1]
assumes that X is strongly tempered, but the proof considers a single G-orbit at a time.
It therefore implies the following.

Theorem 6.1 (Sakellaridis-Venkatesh). Assume that G is F-split and that G/ H is strongly
tempered. If m is an irreducible, square-integrable representation of G then

4 = Hompy (7, C).

If m is a representation of G parabolically induced from an irreducible, square-integrable
representation of a Levi subgroup of G then we have the implication

Hompgy(m,C)#0 = L} #0.

The following is therefore an immediate consequence of Theorem and Corollaries

5.10] [5.13] and [5.16]

Corollary 6.2. For the following symmetric spaces G/H and for every irreducible square-
integrable representation m of G we have

4 = Homp (7, C).

(1) GL,, /Oy for a symmetric matriz J € GL,,.
(2) Spy, / Usg/r for a symmetric matriz J € GL,.
(3) GLQ/GL:[ X GLl

When G = GL,, it follows from Zelevinsky’s classification that representations of G
parabolically induced from irreducible square-integrable are precisely the irreducible tem-
pered representations of G. We therefore also have the following.

Corollary 6.3. In cases[l] and[3 of Corollary[6.9, for every irreducible tempered represen-
tation ™ of G we have

Hompy(m,C) #0 = L} #0.

Remark 6.4. For G/H = GLy / GL; x GLy, by multiplicity one, this implies that L7, =
Hompy (7, C) for every irreducible tempered representation of GLs.
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